A nonlocal derivative nonlinear Schrödinger equation is introduced. By constructing its basic Darboux transformations of degrees one and two, the explicit expressions of new solutions are derived from seed solutions by Darboux transformation of degree 2n. Usually the derived solutions of this nonlocal equation may have singularities. However, by suitable choice of eigenvalues and the parameters describing the ratio of the two entries of the solutions of the Lax pair, global bounded solutions of the nonlocal derivative nonlinear Schrödinger equation are obtained from zero seed solution by a Darboux transformation of degree 2n.
Introduction
In [1] , Ablowitz and Musslimani introduced the nonlocal nonlinear Schrödinger equation and got its explicit solutions by inverse scattering. Quite a lot of work were done after that. [2, 7, 10, 11, 14] Various other nonlocal integrable equations are also considered, [2, 4] including high dimensional equations [3] and discrete equations. [10, 12] The derivative nonlinear Schrödinger equation [9, 13] iq t (x, t) = q xx (x, t) + iε(q(x, t) 2 q * (x, t)) x (ε = ±1)
is an important integrable equation which describes the Alfvén wave in plasma physics. In this paper, we propose an integrable equation -a nonlocal derivative nonlinear Schrödin-ger equation iq t (x, t) = q xx (x, t) + ε(q(x, t) 2 q * (−x, t)) x (ε = ±1).
Here * means complex conjugation. Although this equation is not invariant under q(x, t) → q * (−x, −t), it has a conserved density q(x, t)q * (−x, t), which is invariant under spacial reversion together with complex conjugation as that for the nonlocal nonlinear Schrödinger equation. Note that the coefficient of the nonlinear term in (2) is real, rather than purely imaginary in the usual derivative nonlinear Schrödinger equation (1) .
In Section 2 of this paper, the Lax pair for the nonlocal derivative nonlinear Schrödinger equation is presented and its symmetries are considered. In Section 3, Section 4 and Section 5, the Darboux transformations of degree one, two and 2n are discussed respectively and explicit expressions of the new solutions are derived. In general, the derived solutions may have singularities. In Section 6, some global solutions are obtained from zero seed solution by Darboux transformations of degree two, four and eight respectively with suitable choice of parameters. In Section 7, we prove that the solutions given by Darboux transformations of arbitrary degree 2n from zero seed solution are globally defined and bounded for (x, t) ∈ R 2 if the arguments of all eigenvalues are π/4 and the parameters describing the ratio of the two entries of the solutions of the Lax pair are small enough.
Lax pair and its symmetries
Consider the Lax pair
where
q, r are functions of (x, t), and λ is a spectral parameter. The integrability condition U t − V x + [U, V ] = 0 gives the evolution equations
For simplicity, for a function
Here f x refers to the partial derivative of f with respect to the first variable. With these notations, we impose a relation r = −εq * where ε = ±1. Then the system (5) is reduced to one equation -the nonlocal derivative nonlinear Schrödinger equation (2) .
With the reduction r = −εq * , the coefficients of the Lax pair satisfy
Here U * is the complex conjugation of the matrix U without transpose. We will use U † = (U * ) T in this paper. Considering these symmetries of the Lax pair, we have immediately the symmetries of the solutions of the Lax pair as follows.
Lemma 1 If Φ is a solution of the Lax pair (3) with λ = µ, then JΦ, JKΦ * and KΦ * are solutions of (3) with λ = −µ, λ = µ * and λ = −µ * respectively. Equivalently, if ξ η is a solution of (3) with λ = µ, then ξ −η , εη * ξ * and −εη * ξ * are solutions of (3) with λ = −µ, λ = µ * and λ = −µ * respectively.
3 Darboux transformation of degree one
Darboux transformation for unreduced system
We do not consider the reduction r = −εq * temporarily. Like that for the derivative nonlinear Schrödinger equation, [8, 15, 18] a Darboux transformation of degree one can be constructed as follows.
Lemma 2 Suppose G(x, t, λ) = R(x, t)(λ − S(x, t)) is a Darboux matrix for (3), which (4) to V which has the same form as V where (q, r) are replaced by ( q, r), then R is a diagonal matrix and RS is a constant matrix. Moreover, the transformation of P is
Proof.
For the x-part, the condition GU + G x = U G, which means that G is a Darboux matrix, is
Compare the coefficients of the powers of λ. The coefficient of λ 3 implies that R is a diagonal matrix. The term without λ implies that RS is independent of x. The coefficient of λ 2 gives the transformation (7). On the other hand, RS is also independent of t by considering the t equation. The lemma is proved.
By Lemma 1, if ξ η is a solution of (1) with λ = µ, then ξ −η is a solution of
(1) with λ = −µ. Following the idea of Gu [5, 6] , let
then
gives a Darboux matrix G(λ) = R(λI − S) where σ = η/ξ, and R is a suitable invertible matrix.
To make R diagonal and RS constant, choose
then RS = µ 0 1 1 0 . Then the Darboux matrix is
and the transformation (7) becomes
Darboux transformation for nonlocal derivative nonlinear Schrödinger equation
Now we consider the reduction r = −εq * . Lemma 1 implies that −µ, µ * , −µ * are all eigenvalues if µ is. However, a Darboux transformation of degree one only allows two eigenvalues. Hence µ should be chosen as real or purely imaginary here. If r = −εq * and r = −ε¯ q * hold in (13) , then σσ
Hence µ should be real if ε = 1 and purely imaginary if ε = −1. From (3) for λ = µ, we have
Hence
when µ * = εµ. This guarantees that σσ * = 1 holds identically if it holds at a specific point (x 0 , t 0 ), say (0, 0).
In conclusion, the following theorem holds.
Theorem 1 Suppose q is a solution of (2). Let µ be a nonzero constant, which is real when ε = 1 and purely imaginary when ε = −1. Let (ξ, η) T be a solution of (3) with λ = µ such that σσ * = 1 at the origin (0, 0) where σ = η/ξ. Then
is a new solution of (2). The corresponding Darboux matrix is given by (12).
Darboux transformation of degree two 4.1 Darboux transformation for unreduced system
Like (9), (10) and (11), take
The Darboux matrix with respect to (
After the action of G 1 (λ), the two columns of H 2 are transformed to
which are solutions of (3) with potentials q, r where the eigenvalues are taken as λ = µ 2 and λ = −µ 2 respectively. Define
then the Darboux matrix given by (12) 
By (13), the solution of (2) derived from this G(λ) is
This result is similar to that in [17] for usual Kaup-Newell system.
Darboux transformation for nonlocal derivative nonlinear Schrödinger equation
According to Lemma 1, all the eigenvalues µ, −µ, µ * , −µ * should be considered in constructing Darboux matrix when µ 2 is not real. Therefore, a Darboux matrix of degree two is necessary in this case.
Following Lemma 1, those in (17) are now
The Darboux matrix is given by (20) , that is
It can be checked that G(λ) satisfies the reductions
are compatible with (6). The new solution is given by (21). That is
Theorem 2 Suppose q is a solution of (2). Let µ be a nonzero complex constant which is neither real nor purely imaginary. Let (ξ, η) T be a solution of (3) with λ = µ. Then
is a new solution of (2) where σ = η/ξ. The corresponding Darboux matrix is given by (23).
Darboux transformation of degree 2n
The Darboux transformation of degree two is the Darboux transformation of lowest degree that keeps all the reductions of nonlocal derivative nonlinear Schrödinger equation if µ 2 is not real. The composition of these Darboux transformations leads to a Darboux transformation of higher degree. However, this can be constructed equivalently and more compactly following the idea of Zakharov and Mihailov [16, 6] .
Theorem 3 Take n complex numbers µ j so that µ 2 j 's are not real and take the solution (ξ j , η j )
T of the Lax pair (3) with λ = µ j (j = 1, 2, · · · , n).
where L = ε 1 and
is a diagonal matrix. Then G(λ) is a Darboux matrix for the Lax pair (3), and the transformation of q is given by
l I is a constant scalar matrix. This is necessary since G(0) of a Darboux matrix (23) of degree two is constant, so is their product.
(ii) (26) gives the same Darboux matrix as (23) up to a constant scalar multiplier when n = 1.
Proof. We have
h γ is a solution of the Lax pair (3) with λ = λ γ , Lemma 1 implies that Kh * γ is a solution of (3) with λ = −λ * γ . By the standard construction of Darboux transformation [6] , G(λ) is a composition of 2n Darboux matrices in the form (12) . From the choice of λ j 's and h j 's, G(λ) is a composition of n Darboux matrices in the form (20). That is,
where each G l (λ) (l = 1, · · · , n) is a Darboux matrix in the form (20). Hence G(λ) keeps the reduction r = −εq * , i.e. it is a Darboux matrix for the nonlocal derivative nonlinear Schrödinger equation.
Write
then the coefficient of λ 2n+1 in G(λ)U(λ) + G x (λ) = U (λ)G(λ) gives the transformation
Expanding (26) as a polynomial of λ and using 2n γ=1 λ * γ = 0, we get
Since each G l (λ) in (31) is in the form (20),
0 must be diagonal. (This can also be verified algebraically from the expression (27) by exchanging each pair of (2j − 1, 2j) (j = 1, · · · , n) in the subscripts.) The (1, 2) entry of (33) gives (28). The theorem is proved.
Examples
When q = r = 0, the Lax pair (3) becomes
The solution of this system for λ = µ is ξ η = ae θ be −θ where θ = µ 2 x − 2iµ 4 t and a, b are complex constants. Then
where c = b/a is a complex constant. The behavior of the solutions depends on 4 arg µ/π. When 4 arg µ/π is an even integer, then µ 2 is real. A Darboux matrix of degree one can be constructed as in Theorem 1. When 4 arg µ/π is not an integer, a Darboux matrix of degree two should be used as in Theorem 2. However, the new solutions constructed from zero solution is unbounded in the first case and have singularities in the second case. We are not interested in these examples. Thus we only consider the case when 4 arg µ/π is an odd integer. Without loss of generality, take arg µ j = π/4 (j = 1, · · · , n) for a Darboux transformation of degree 2n. 
This solution is global if |c| = 1. It is periodic in both x and t, and | q| is a function of x only. Figure 1 shows the norm of the solution with ε = 1, µ = 1.5(1 + i), c = 0.5. Hereafter, the figure on the right shows the contour plot of the one on the left. By using Theorem 3, the figures for the norm of the solutions given by Darboux transformations of degree 4 and 8 are plotted in Figure 2 
Globalness of the solutions
Although the solutions (37) given by Darboux transformation of degree two are always global when |c| = 1, those given by Darboux transformation of higher degree may not. However, we can prove that the solutions have no singularities when all |c j |'s are small enough.
Before proving that theorem, we need the follow algebraic lemma. 
Proof. By the formula for computing the determinant of a block matrix,
Clearly,
where T is a polynomial of degree m 2 . Note that T = 0 when ω j = ω k or λ j = λ k for certain j = k with 1 ≤ j, k ≤ m, or when λ l = 0 for certain l with 1 ≤ l ≤ m. Considering the degree of the polynomial, we have
where ρ is a constant. When λ 1 , · · · , λ m are distinct,
= lim
which leads to ρ = (−1) m . Likewise, we have
which is the standard Cauchy determinant. Therefore,
The lemma is proved.
Theorem 4 Take the seed solution q = 0. Suppose µ j = a j e π i/4 where a 1 , · · · , a n are distinct positive numbers. Then there is a positive constant δ such that the solution (28) given by a Darboux transformation of degree 2n is globally defined and bounded for (x, t) ∈ R 2 when |c j | < δ (j = 1, · · · , n).
Proof. It is easy to check from (25) and (26) that G(λ) is invariant if each (ξ j , η j ) is changed to ρ j (ξ j , η j ) for any nonzero constants ρ j (j = 1, · · · , n). Hence (ξ j , η j ) can be replaced by (1, σ j ) .
It is only necessary to prove that Γ in (25) and F in (27) are both invertible for all (x, t) when |c j | (j = 1, · · · , n) are small enough.
As before, denote
Γ = (Γ αβ ) 2n×2n in (25) can be written as a block matrix Γ = ( Γ jk ) n×n where
Hence Γ converges to Γ| c 1 =···=cn=0 uniformly for (x, t) ∈ R 2 when c 1 → 0, · · · , c n → 0. Note that Γ| c 1 =···=cn=0 = ε 1 λ * j + λ k 1≤j,k≤2n 
is invertible. (48) implies that Γ −1 is bounded for all (x, t) when |c j | (j = 1, · · · , n) are small enough. Hence F converges to F | c 1 =···=cn=0 uniformly for (x, t) ∈ R 2 when c 1 → 0, · · · , c n → 0, which implies that F is invertible if |c j | (j = 1, · · · , n) are small enough.
Finally, by the expression (28), boundedness of q follows from (48), (49) and the boundedness of σ j 's. The theorem is proved.
Remark 2 By considering σ −1 = η/ξ instead of σ = ξ/η, it is easy to see that the above theorem is also true if all |c j | (j = 1, · · · , n) are large enough.
Remark 3 For the usual derivative nonlinear Schrödinger equation (1) or the nonlocal nonlinear Schrödinger equation, interesting global solutions can be derived from bounded exponential seed solutions. However, there is no such kind of seed solution for (2) . It is worth finding other interesting bounded seed solutions for the nonlocal derivative nonlinear Schrödinger equation (2) .
